Let G be a locally coherent Grothendieck category. We show that, under particular conditions, if a t-structure τ in the unbounded derived category D(G) restricts to the bounded derived category D b (f p(G)) of its category of finitely presented (=coher-ent) objects, then its heart Hτ is a locally coherent Grothendieck category on which Hτ ∩D b (f p(G)) is the class of finitely presented objects. Those particular conditions are always satisfied when G is arbitrary and τ is the Happel-Reiten-Smalo t-structure in D(G) associated to a torsion pair in f p(G) or when G = Qcoh(X) is the category of quasicoherent sheaves on a noetherian affine scheme X and τ is any compactly generated t-structure in D(X) := D(Qcoh(X)) which restrict to D b (X) := D b (coh(X)). In particular, the heart of any t-structure in D b (X) is the category of finitely presented objects of a locally coherent Grothendieck category.
Introduction
Beilinson, Bernstein and Deligne [3] introduced the notion of a t-structure in a triangulated category in their study of perverse sheaves on an algebraic or analytic variety. If D is such a triangulated category, a t-structure is a pair of full subcategories satisfying some axioms which guarantee that their intersection is an abelian category H, called the heart of the t-structure. This category comes with a cohomological functor D −→ H. Roughly speaking, a t-structure allows to develop an intrinsic (co)homology theory, where the homology 'spaces' are again objects of D itself.
T-structures are nowadays used in several branches of Mathematics, with special impact in Algebraic Geometry, Homotopical Algebra and Representation Theory of Groups and Algebras. When dealing with t-structures, a natural question arises. It asks under which conditions the heart of a given t-structure is a 'nice' abelian category. Using a classical hierarchy for abelian categories introduced by Grothendieck, one may think of Grothendieck and module categories as the nicest possible abelian categories. It is then not surprising that the question of when the heart of a t-structure is a Grothendieck or module category deserved much attention in recent times (see, e.g., [13] , [5] , [4] , [6] , [18] , [22] , [23] , [25] , [28] , [21] ).
Among Grothendieck categories, the most studied ones are those that have finiteness conditions (e.g. those which are locally coherent, locally noetherian or even locally finite). Module categories over a noetherian or coherent rings or over Artin algebras, or the categories of quasi-coherent sheaves over coherent or noetherian schemes provide examples of such categories. A natural subsequent question would ask when a given t-structure has a heart which is a Grothendieck category with good finiteness conditions. In this paper, we tackle the question for the locally coherent condition, assuming that the t-structure lives in the (unbounded) derived category D(G) of a Grothendieck category G which is itself locally coherent. Although to find a general answer seems to be hopeless, it is not so when the t-structure restricts to D b (fp(G)), the bounded derived category of the category of finitely presented (=coherent) objects. Our basic technical result in the paper, Proposition 4.5, gives a precise list of sufficient conditions on a t-structure in D(G) so that its heart H is a locally coherent Grothendieck category on which H ∩ D b (fp(G)) is the class of its finitely presented objects. As an appication, we get the main results of the paper, referring the reader to next section for the notation and terminology used:
1. (Theorem 5.2) Let G be a locally coherent Grothendieck category and t = (T , F ) be a torsion pair in G. The associated Happel-Reiten-Smal∅ t-structure in D(G) restricts to D b (fp(G)) and has a heart which is locally coherent Grothendieck category if, and only if, F is closed under taking direct limits in G and t restricts to fp(G). is equivalent to the category of finitely presented objects of some locally coherent Grothendieck category.
The organization of the paper goes as follows. Section 2 introduces all the concepts and terminology used in the paper. In Section 3 we give some general results about locally coherent Grothendieck categories which are used later. Section 4 contains the technical Proposition 4.5, which is basic for the paper, and a few auxiliary results needed for its proof. Section 5 is dedicated to the HappelReiten-Smal∅ t-structure and the proof of Theorem 5.2. The final Section 6 gives Theorem 6.3, of which Corollary 6.4 is a direct consequence, and two lemmas needed for its proof.
Preliminaries and terminology
All categories in this paper will be additive and all rings will be supposed to be associative with unit, unless otherwise specified. Whenever the term 'module' is used over a noncommutative ring, it will mean 'left module' and, for a given ring R, we will denote by R − Mod the category of all R-modules. Let A be an additive category in the rest of the paragraph. If C is any class of objects in A, the symbol C ⊥ (resp. ⊥ C) will denote the full subcategory of A whose objects are those X ∈ Ob(A) such that Hom A (C, X) = 0 (resp. Hom A (X, C) = 0), for all C ∈ C. The expression 'A has products (resp. coproducts)' will mean that A has arbitrary set-indexed products (resp. coproducts). When S is a set of objects in A, we shall denote by sum(S) (resp. add(S)) the class of objects which are isomorphic to a finite coproduct (resp. a direct summand of a finite coproduct) of objects of S. When A has coproducts, we shall say that an object X is a compact (or small) object when the functor Hom A (X, ?) : A −→ Ab preserves coproducts.
Two types of additive categories will get most of our interest in this paper. The first one is that of abelian categories (see [26] ) and the second one is that of triangulated categories (see [20] ). Diverting from the terminology in this latter reference, for a triangulated category D, the shift or suspension functor will be denoted by ? [1] , putting ?[k] for its k-th power, for each k ∈ Z. We shall use the term class (resp. set) of generators with two different meanings, depending on whether we are in the abelian or the triangulated context. When A is an abelian category with coproducts, a class (resp. set) of generators S is a class (resp. set) of objects such that each object in A is an epimorphic image of a coproduct of objects in S. When S is a class (resp. set) of objects in the triangulated category D, we shall say that it is a class (resp. set) of generators in case an object X of D is zero exactly when Hom D (S[k], X) = 0, for all S ∈ S and all k ∈ Z.
Given a triangulated category D, a subcategory E will be called a triangulated subcategory when it is closed under taking extensions and E[1] = E. If, in addition, it is closed under taking direct summands, we will say that E is a thick subcategory of D. When S is a set of objects of D, we shall denote by tria D (S) (resp. thick D (S)) the smallest triangulated (resp. thick) subcategory of D which contains S.
For an additive category A, we will denote by C(A) and K(A) the category of chain complexes of objects of A and the homotopy category of A. Diverting from the classical notation, we will write superindices for chains, cycles and boundaries in ascending order. We will denote by C − (A) (resp. K − (A)), C + (A) resp. K + (A)) and C b (A) (resp. K b (A)) the full subcategories of C(A) (resp. K(A)) consisting of those objects isomorphic to upper bounded, lower bounded and (upper and lower) bounded complexes, respectively. Note that K(A) is always a triangulated category of which K − (A), K + (A) and K b (A) are triangulated subcategories. When A is an abelian category, we will denote by D(A) its derived category, which is the one obtained from C(A) by (keeping the same objects and) formally inverting the quasi-isomorphisms (see [32] for the details). We shall denote by
) will be called homologically upper bounded (resp. homologically lower bounded, resp. homologically bounded) complexes. For integers m ≤ n, we will denote by D
[m,n] (A) the full subcategory of D(A) consisting of the complexes X such that H k (X) = 0 for integers k not in the closed interval [m, n]. We will also use D ≤n (A) (resp. D <n (A)) and D ≥n (A) (resp. D >n (A)) to denote the full subcategories consisting of the complexes X such that H i (X) = 0, for all i > n (resp. i ≥ n) and all i < n (resp. i ≤ n), respectively.
Strictly speaking, for a general abelian category A, the category D(A) need not exist since the morphisms between two given objects could form a proper class and not just a set. However, this problem disappears when A = G is a Grothendieck category. This is a cocomplete abelian category with a set of generators on which direct limits are exact. In a Grothendieck category G an object S is called finitely presented when Hom G (S, ?) : G −→ Ab preserves direct limits. We say that G is locally finitely presented when it has a set of finitely presented generators. The reader is referred to [7] for the corresponding more general concept of locally finitely presented additive categories with direct limits and is invited to check by her/himself that, in the case of Grothendieck categories, it coincides with the one given here. Recall that an object in a Grothendieck category is called noetherian when it satisfies the ascending chain condition on subobjects. A locally noetherian Grothendieck category is a Grothendieck category which has a set of noetherian generators. When G is locally finitely presented and locally noetherian, an object N of G is noetherian if, and only if, it is finitely presented (see [15, Proposition A.11] for one direction, the reverse one being obvious since each noetherian object in such a category is an epimorphic image of a finitely presented one and the kernel of this epimorphism is again noetherian).
Recall that if D and A are a triangulated and an abelian category, respectively, then an additive functor H : D −→ A is a cohomological functor when, given any triangle X −→ Y −→ Z + −→, one gets an induced long exact sequence in A:
, for each n ∈ Z. A torsion pair in the abelian category A is a pair t = (T , F ) of full subcategories such that Hom A (T, F ) = 0, for all T ∈ T and F ∈ F , and each object X of A fits into an exact sequence 0 → T X −→ X −→ F X → 0, where T X ∈ T and F X ∈ F . In this latter case the assignments X T X and X F X extend to endofunctors t, (1 : t) : A −→ A. The functor t is usually called the torsion radical associated to t. The torsion pair t will be called hereditary when T is closed under taking subobjects in A.
Let now D be a triangulated category. A t-structure in D (see [3, Section 1] ) is a pair τ = (U, W) of full subcategories, closed under taking direct summands in D, which satisfy the following properties:
and, for this reason, we will write a t-structure as τ = (U, U ⊥ [1] ). We will call U and U ⊥ the aisle and the co-aisle of the t-structure. The objects U and V in the above triangle are uniquely determined by X, up to isomorphism, and define functors τ U : D −→ U and τ
⊥ which are right and left adjoints to the respective inclusion functors. We call them the left and right truncation functors with respect to the given t-structure. The full subcategory
is called the heart of the t-structure and it is an abelian category, where the short exact sequences 'are' the triangles in D with its three terms in H. Moreover, with the obvious abuse of notation, the assignments
• τ U )(X) define naturally isomorphic functors D −→ H whih are cohomological (see [3] ). We will identify them and denote the corresponding functor byH. When D has coproducts, the t-structure τ will be called compactly generated when there is a set S ⊆ U, formed by compact objects in D, such
When D is a triangulated category with coproducts, we will use the term Milnor colimit of a sequence of morphisms X 0 [20] is called homotopy colimit. It will be denoted Mcolim(X n ), without reference to the x n .
Generalities about locally coherent Grothendieck categories
In this section we are interested in a particular case of locally finitely presented Grothendieck categories. Let us start by the following result which is folklore.
Lemma 3.1. Let A be an abelian category and B be a full additive subcategory.
The following assertions are equivalent:
1. B is an abelian category such that the inclusion functor B ֒→ A is exact;
2. B is closed under taking finite (co)products, kernels and cokernels in A.
In this case we will say that B is an abelian exact subcategory of A.
Note that if G is a locally finitely presented Grothendieck category, then the class f p(G) of finitely presented objects is skeletally small and is closed under taking cokernels and finite coproducts.
Definition 1.
A Grothendieck category G is called locally coherent when it is locally finitely presented and the subcategory f p(G) is an abelian exact subcategory of G (equivalently, when f p(G) is closed under taking kernels).
Recall that a pseudo-kernel (resp. pseudo-cokernel ) of a morphism f : X −→ Y in the additive category A is a morphism u : Z −→ X (resp. v : Y −→ Z) such that the sequence of contravariant (resp. covariant) functor
We say that A has pseudo-kernels (resp. pseudo-cokernels) when each morphism in A has a pseudo-kernel (resp. pseudocokernel). 1. R−Mod, when R is a left coherent ring R (i.e. when each finitely generated left ideal of R is finitely presented).
The category
of covariant (resp. contravariant) additive functors C −→ Ab, where C is a (skeletally) small additive category with pseudo-cokernels (resp. pseudo-kernels). In particular, when C is a skeletally small abelian or triangulated category, both [C, Ab] and [C op , Ab] are locally coherent Grothendieck categories.
3. The category Qcoh(X) of quasi-coherent sheaves, where X is a coherent scheme, i.e., a quasi-compact and quasi-separated scheme admitting a covering X = i∈I U i by affine open subschemes U i such that U i = Spec(A i ), for a commutative coherent ring A i , for each i ∈ I.
4. Any locally noetherian and locally finitely presented Grothendieck category.
Proof. Example 1 is well-known and the covariant version of example 2 follows from [12, Propositions 1.3 and 2.1], taking into account that, in Herzog's proposition 2.1, the proof that each representable functor (X, ?) is a coherent object only requires that each morphism X −→ Y has a pseudo-cokernel. The contravariant version of assertion 2 follows by duality. For example 3, see [8, Proposition 40] (see also [29, Example 1.1.6.iv]). Finally, example 4 is clear since f p(G) coincides with the class of noetherian objects in that case, and this latter class is always closed under taking kernels (even subobjects).
Lemma 3.3. Let G be a locally coherent Grothendieck category, let S be a set of finitely presented generators of G and let M be any object in D(G). The following assertions hold:
1. M is a homologically upper bounded complex whose homology objects are finitely presented if, and only if, M is isomorphic in D(G) to an upper bounded complex N of objects in sum(S). Moreover, N can be chosen so that max{i ∈ Z:
2. M is homologically bounded and its homology objects are finitely presented if, and only if, M is isomorphic in D(G) to a bounded complex
where the N i are finitely presented objects (and
If, moreover, the objects of S form a set of compact generators of D(G), then also the following assertion holds:
3. The compact objects of D(G) are those isomorphic to direct summands of bounded complexes of objects in add(S).
Proof. We will frequently use the fact that if M is a complex whose homology objects are all finitely presented, then a given k-cycle object Z k = Z k (M ) is finitely presented if and only if so is the k-boundary object B k = B k (M ). 1) The proof of this assertion is reminiscent of the dual of the proof of Lemma 4.6(3) in [11, Chapter I] , with A ′ = f p(G) and A = G, although the assumptions of that lemma do not hold in our situation. By truncating at the greatest integer i such that H i (M ) = 0 and shifting if necessary, we can assume without loss of generality that M is concentrated in degrees ≤ 0 and that H 0 (M ) = 0. We then inductively construct a sequence in C(G)
satisfying the following properties:
b) The connecting chain maps f n : M n −→ M n−1 are quasi-isomorphisms, for all n ∈ N (with the convention that
n−1 is the identity map, for all n > k.
Once the sequence has been constructed, we clearly see that the inverse limit of the sequence, X := lim ← −C(G) (M n ), is a complex of objects in sum(S) concentrated in degrees ≤ 0 such that the induced chain map X −→ M is a quasi-isomorphism.
We now pass to construct the mentioned sequence. At step 0, one easily gives a morphism f : X 0 −→ M 0 such that X 0 ∈ add(S) and the composition
is an epimorphism, where p is the projection. Now, taking the pullback of f and the differential
Assume now that n > 0 and that the quasi-isomorphisms M n−1
−→ M have already been constructed, satisfying the requirements. Note that
, and hence also
, is a finitely presented object for k = 0, 1, ..., n − 1. Let us fix a direct system
Replacing the directed set I by a cofinal subset if necessary, there is no loss of generality in assuming that the
is an epimorphism, for all j ∈ I, where u j is the canonical morphism to the direct limit. It is seen in a straightforward way that we have a direct system of exact sequences
whose direct limit is precisely the canonical exact sequence 0 → Z −n −→
presented, there is some index j ∈ I such that the composition u −1
−→ H −n is an epimorphism. We fix such an index j and choose any epimorphism ǫ : X −n ։ Y j , with X −n ∈ sum(S). Putting M −n n := X −n , the
n−1 is then a morphism which leads to the following commutative diagram, where all squares are bicartesian:
We easily derive a quasi-isomorphism h :
n−1 is the identity map, for k ≥ 0 and k = n, n+ 1, and h −n−1 = g ′ and h −n = g are the morphisms from the last diagram. 2) By assertion 1, we can assume that M is of the form
where the N i are in sum(S). Let us assume that m = min{j ∈ Z: H j (M ) = 0}. Then the intelligent truncation at m gives the complex
where B m is m-boundary object of M . But B m is finitely presented since so is Z m = Ker(N m −→ N m+1 ). We then take N m = B m and the proof of the implication is complete because the canonical map
In the rest of the proof, we assume that S is a set of compact generators of D(G).
3) Note that each bounded complex of objects in add(S) is compact in D(G) since it is a finite iterated extension of stalks X[k], with X ∈ add(S). Conversely, suppose that M is a compact object in D(G). It follows from [14, Theorem 5.3] that it is a direct summand of a finite iterated extension of complexes of the form S[k], with S ∈ S and k ∈ Z. In particular M has bounded and finitely presented homology. If we fix now a quasi-isomorphism f : P −→ M such that P is a bounded above complex of objects in add(S), then we can assume without loss of generality that P 0 = 0 = P k , for all k > 0. Note that then P is the Milnor colimit of the stupid truncations σ ≥−n P . Since P is compact in D(G), an argument as in the proof of [14, Theorem 5.3] shows that the identity map 1 P factors in the form P −→ σ ≥−n P −→ P , for some n ∈ N. It follows that M ∼ = P is isomorphic in D(G) to a direct summand of a bounded complex of objects in add(S).
When G is a locally coherent Grothendieck category, one easily gets from assertion 1 and 2 of last lemma that D b (fp(G)) is equivalent, as a triangulated category, to the full subcategory D
, for all i ∈ Z. In the sequel we will identify these equivalent triangulated categories, viewing D b (fp(G)) as a full triangulated subcategory of D(G). Recall that if F : G −→ Ab is any left exact functor, then an object Y of G is F -acyclic when the right derived functors R k F : G −→ Ab vanish on Y , for all k > 0. Recall also that, for each X ∈ Ob(G), one can calculate R k F (X) by considering F -acyclic resolutions. That is, if one chooses an exact sequence
is the k-th homology group of the complex
for each integer k ≥ 0. The following result seems to be well-known (see [9, Introduction] or [27, Chapter 11] ), but we include a proof after not finding an explicit one in the literature.
Proposition 3.5. Let G be a locally finitely presented Grothendieck category, let X be a finitely presented object, let (M i ) i∈I be a direct system in G and consider the canonical map
The following assertions hold:
1. µ 0 is an isomorphism and µ 1 is a monomorphism.
2. When G is locally coherent, µ k is an isomorphism, for all k ≥ 0.
Proof. 1) The case k = 0 follows from the definition of finitely presented object. An element of lim − → Ext
whose 'projection' on the first component is precisely the direct system (M i ) i∈I and where X is viewed as a constant direct system. The image of (ǫ i ) by the canonical map lim
If this latter sequence splits and we fix a section µ : X −→ lim − → N i for π, then, due to the fact that X is a finitely presented object, µ factors in the form X µj −→ N j uj −→ lim − → N i , for some j ∈ I, where u j is the canonical morphism to the direct limit. This immediately implies that the j-th sequence ǫ j : 0 → M j −→ N j −→ X → 0 splits and, hence, that (ǫ i ) i∈I is the zero element of lim − → Ext 1 G (X, M i ). 2) By [1, Corollary 1.7 and subsequent remark], we can assume without loss of generality that I = λ = {α ordinal: α < λ} is an infinite limit ordinal and that, for each limit ordinal α < λ, one has M α = lim − →β<α M β . We now construct a direct system (E α ) α<λ in the category C(G) of complexes, satisfying the following properties:
is a complex concentrated in degrees ≥ 0 and H k (E α ) = 0, for all α < λ and all k = 0;
b) E n α is an fp-injective object, for all α < λ and all integers n ≥ 0;
c) The direct system (
Once the direct system (E α ) α<λ will be constructed, the exactness of the direct limit functor in G and the fact that the class of fp-injective objects is closed under taking direct limits (see [31, Proposition B.3] ) will give that E λ := lim − →C(G) E α is a complex of fp-injective objects concentrated in degrees ≥ 0 whose only nonzero homology object is
By the previous lemma, we know that each fp-injective object is Hom G (X, ?)-acyclic, whenever X ∈ f p(G). It follows that, for such an X, we have that Ext k G (X, M ) is the k-th homology abelian group of the complex Hom G (X, E λ ). But, by definition of E λ and the fact that Hom G (X, ?) preserves direct limits, we have an isomorphism of complexes of abelian groups lim − →C(Ab) (Hom G (X, E α )) ∼ = Hom G (X, E λ ). The k-th homology map will give then the desired isomorphism lim
. It remains to construct the direct system (E α ) α<λ in C(G). We denote by u α : M α −→ M α+1 the morphism from the direct system (M α ) α<λ . For a nonlimit ordinal α, E α will be the (deleted) minimal injective resolution of M α . If α is a limit ordinal and we already have defined the direct system (E β ) β<α , then E α = lim − →β<α E β , where the direct limit is taken in C(G). Note that one
For the construction of (E α ) α<λ one just need to define the connecting chain map E α −→ E α+1 , when α < λ is any ordinal for which E α is already defined. This connecting chain map is defined by chosing a family (f 
The reader is invited to check that the direct system (E α ) α<λ satisfies all the requirements.
4 Some sufficient conditions for the heart to be a locally coherent Grothendieck category ) be a t-structure in D. We say that this t-structure
) is a t-structure of D ′ . This is equivalent to saying that, for each object X of D ′ , the truncation triangle τ U (X) −→ X −→ τ Proof. Let f : X −→ Y be a morphism in H ∩ D ′ and complete it to a triangle, which is in D ′ :
Note that then Z ∈ U ∩ U ⊥ [2] and, hence
But we then have a trianglẽ
By [3], we have isomorphisms Ker
and, hence, H ∩ D ′ is closed under taking kernels and cokernels in H. That it is also closed under taking finite coproducts is clear.
Setting 4.2.
In the rest of the section we assume that G is a locally coherent Grothendieck category and we fix a set S of finitely presented generators of G. Recall that then S is also a set of generators of D(G) as a triangulated category (see [21, Lemma 9] or [28, Lemma 4.10]). Lemma 4.3. Let X ∈ D ≤0 (G) have bounded finitely presented homology (i.e. X is homologically bounded and H k (X) ∈ fp(G), for all k ∈ Z) and let n be a natural number. There is a complex P ∈ C b (sum(S)) together with a morphism g : P −→ X in D(G) such that the restriction of the natural transformation
Proof. By Lemma 3.3, there is an isomorphism p : Q −→ X in D(G) such that that Q is a complex of objects in sum(S) concentrated in degrees ≤ 0. We have that p * : Hom D(G) (X, ?)
where the left vertex is in
is an isomorphism. Putting P := σ >−n−2 Q, the desired morphism g is the composi-
) be a t-structure in any triangulated category D and suppose that it restricts to a full triangulated subcategory
′ . This is due to the fact that we have
The following technical result is crucial for the main results of the paper.
Proposition 4.5. Let G and S be as in Setting 4.2, let (U, U ⊥ [1]) be a tstructure in D(G), with heart H, and letH : D(G) −→ H be the associated cohomological functor. Suppose that the following conditions hold:
) is a (skeletally small) class of generators of H;
4. For each direct system (M i ) i∈I in H, for each S ∈ S and for each k ∈ Z, the canonical map
Then H is a locally coherent Grothendieck category on which H ∩ D b (G) is the class of its finitely presented objects. Fix a direct system (M i ) i∈I in H in the sequel and consider the full subcategory C of D(G) consisting of those complexes X such that
is an isomorphism, for all k ∈ Z. Using 5-Lemma, one readily sees that C is a thick subcategory of D(G) which, by condition 4, contains S. We then have thick D(G) (S) ⊆ C. In particular, if a complex X ∈ C b (sum(S)) is viewed as an object of D(G), then X ∈ C.
We now claim that η X is also an isomorphism, for each
Replacing n by a larger integer if necessary, we can assume that X ∈ D ≤n (G). Then the obvious generalization of Lemma 4.3 says that there exist a P ∈ C b (sum(S)) and a morphism g :
) is an isomorphism when evaluated on objects of D [m,n] (G). We then have the following commutative diagram
where the vertical arrows are isomorphisms and, due to the previous paragraph, also the lower horizontal arrow is an isomorphism. This settles our claim. In particular, it implies that H ∩ D b (G) is a class of finitely presented objects in H and, by conditions 1 and 3, it is a class of generators of H (see Remark 4.4) . In particular H is locally finitely presented. Note also that, by condition 1 and Lemma 4.1, we know that H ∩ D b (fp(G)) is closed under taking cokernels (and kernels) in H. It immediately follows that each finitely presented object of H is in H ∩ D b (fp(G)) since it is the cokernel of a morphism in this latter category. Then we have that H ∩ D b (fp(G)) = fp(H), and this is an abelian exact subcategory of H. Therefore H is locally coherent.
Remark 4.6. Condition 1 of last proposition is not necessary for the heart to be a locally coherent Grothendieck category. Indeed, by [24, Corollary 5.12] and using the terminology of that reference, if R is a commutative Noetherian ring and Z Spec(R) is a perfect sp-subset, then (U, U ⊥ [1] ) is a t-structure whose heart is equivalent to R Z − Mod, where U consists of the complexes U such that Supp(H j (U )) ⊆ Z, for all j > −1. Then the heart is locally coherent since R Z is a noetherian commutative ring. But the associated sp-filtration φ = φ U of Spec(R) (see [ 5 The case of the Happel-Reiten-Smalø t-structure
Recall (see [10] ) that if A is any abelian category and t = (T , F ) is a torsion pair in A, then (U t , U
, where
This t-structure will be called the Happel-Reiten-Smalø (or just HRS) tstructure associated to t. In this paper we are only interested in the case when A = G is a locally coherent Grothendieck category.
Therefore, all throughout this section, G will be a locally coherent Grothendieck category and t = (T , F ) will be a torsion pair in G. Recall that t is said to be of finite type when the torsion radical t : G −→ T preserves direct limits or, equivalently, when F is closed under taking direct limits in G (see [15, Section 2] ). We shall say that t restricts to f p(G) when t(X) is in f p(G), for each X ∈ f p(G). Note that this is equivalent to saying that
. Applying the octhaedrom axiom to the last two triangles, we obtain two new triangles
It follows from the first triangle that U ∈ U t since the outer vertices of the triangle are in U t . We then conclude that the second triangle is precisely the truncation triangle of M with respect to (U t , U Noting that G is locally coherent all throughout this section, when G is also locally noetherian we have that fp(G) coincides with the class noeth(G) of noetherian objects, which is obviously closed under taking subobjects. Therefore t always restricts to fp(G).
We are now ready to prove the first main result of the paper. Theorem 5.2. Let G be a locally coherent Grothendieck category, let t = (T , F ) be a torsion pair in G, let (U t , U ⊥ t [1] ) be the associated t-structure in D(G) and let H t be its heart. The following assertions are equivalent:
) and H t is a locally coherent Grothendieck category (with H t ∩ D b (fp(G) as the class of finitely presented objects).
2. t is of finite type and restricts to f p(G).
There exists a torsion pair t
When in addition G is locally Noetherian, these assertions are also equivalent to:
4. t is of finite type.
Proof. All throughout the proof, we fix a set S of finitely presented generators of G. 1) =⇒ 2) By Proposition 5.1, we know that t restricts to f p(G) and, by [22] [Theorem 4.8], we know that t is of finite type.
2) =⇒ 3) If we put T ′ = T ∩fp(G) and
is a torsion pair in fp(G) since t restricts to fp(G). By [7] [Lemma 4.4], we know that
is a torsion pair in G. But T and F are closed under taking direct limits in G, which implies that lim − → T ′ ⊆ T and lim − → F ′ ⊆ F . Since we always
The finite type condition of t implies that H t is a Grothendieck category (see [23, Theorem 1.2] ). Let now (M i ) i∈I be a direct system in H t . Bearing in mind that F is closed under taking direct limits in G and using [22, Proposition 4 .2], we get an exact sequence in H t :
To abbreviate, let us put (X, Y ) = Hom D(G) (X, Y ), for all X, Y ∈ D(G). Then, for each S ∈ S and each k ∈ Z, we have a commutative diagram of abelian groups with exact columns, where the horizontal arrows are the canonical morphisms:
By Proposition 3.5, we have that the two upper most and the two lower most horizontal arrows are isomorphisms, which implies that also the canonical map lim
is an isomorphism. We will check now that all conditions 1-4 of Proposition 4.5 are satisfied by (U t , U t [1] ). By Proposition 5.1, we know that (U t , U ⊥ t [1] ) restricts to D b (f p(G)) and, by definition of the HRS t-structure, we know that D ≤−1 (G) ⊆ U t ⊆ D ≤0 (G), so that conditions 1 and 2 of the mentioned proposition hold. Moreover, the previous paragraph says that also condition 4 holds.
We will finally check that each object of H t is an epimorphic image of a coproduct of objects of H t ∩D b (fp(G)), which will give condition 3 of Proposition 5.1 and will end the proof. Let M be any object of H t and let us write H 0 (M ) = lim − → T i , for some direct system (T i ) i∈I in T ∩ f p(G) 0 is also finitely presented. Once we assume that H 0 (M ) and M 0 are both finitely presented, we follow the lines of the proof of [22, Proposition 4.7] with an easy adaptation. The details are left to the reader. Since M −1 is a direct limit of finitely presented objects, we can fix an epimorphism j∈J X j ։ M −1 in G, where X j ∈ f p(G) for all j ∈ J. Now we construct a 4-row commutative diagram as in the mentioned proof, where G (J) and G (F ) are replaced in our case by j∈J X j and j∈F X j , respectively. The key point now is that the appearing U F and X F are finitely presented objects. Since t restricts to f p(G), we also know that t(X F ) (and also M 0 F ) is finitely presented, for each finite subset F ⊆ J. If now L =H |Ut : U t −→ H t is the left adjoint to inclusion functor (see [22, Lemma 3.1] ), the mentioned proof shows that we have epimorphisms F ⊂J,F f inite L(K F ) ։ L(K J ) and L(K J ) ։ M in H t , where L(K F ) is the object of H t represented by the complex · · · 0 −→ j∈F Xj t(UF ) −→ M 0 F −→ 0 · · · , concentrated in degrees −1 and 0. But t(U F ) is finitely presented, because so is U F . It follows that the latter complex is a complex of finitely presented objects, and hence L(K F ) ∈ H t ∩ D b (fp(G)). 4) =⇒ 2) = 3) If G is locally Noetherian, each torsion pair restricts to its subcategory of noetherian objects, that is, to fp(G).
